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Abstract 
Detection of cracks in mechanical components as earlier as possible enables structural health monitoring and scheduling more 
effectively the maintenance tasks, such as replacing the critical parts just in time. Vibration analysis based techniques for crack 
detection have been largely considered in the literature. This methodology relies essentially on the observed changes of beam 
frequencies and mode shapes that are induced by the presence of damage. In the present work, using an explicit analytical model 
assessing the effect of a crack on beam strain energy, the beam first resonance frequencies were evaluated as function of  a single 
crack defect characteristics. The crack equations were obtained by means of fracture mechanics approach. Variations of the first 
beam frequencies and modes shapes were then related explicitly to the location and depth of the crack. Measuring the beam 
frequency changes and monitoring their variations is shown to enable identification of the crack defect parameters by solution of 
an inverse problem. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the “Petru Maior” University of Tirgu-Mures, Faculty of Engineering. 
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1. Introduction 
Detection of cracks in structural components and identification of their size for structures having the form of 
beams is of crucial importance in many engineering applications [1, 2]. Many works have dealt with this problem of 
crack detection [3-10].  
Among the proposed methods, the authors in [3] have used a vibration analysis based technique and introduced a 
damage magnitude index. This index relies on the observed changes of beam frequencies and mode shapes. 
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Vibration based methods can be used to perform non-destructive detection of cracks in beams by means of a 
structural model that takes into account the interaction of modal features with the crack characteristics. Gudmundson 
[11, 12] has developed a perturbation method based on the transfer matrix method to track variations of the modal 
frequencies. 
 
Nomenclature 
 
a         crack depth 
b         with of beam 
h         height  of beam 
A         element of length 
L         length total of beam 
M        flexure moment 
P         transverse force 
E         Young's modulus 
IK        mode I stress intensity factors 
IIK       mode II stress intensity factors 
IIIK       mode III stress intensity factors 
IPK       stress intensity factors for a rectangular cross-section crack opening 
IIPK      stress intensity factors for a rectangular cross-section crack sliding 
IMK      stress intensity factors for a rectangular cross-section crack tearing  
oW       strain energy of an intact beam element 
cW       strain energy resulting from the presence of a crack 
 K        element stiffness matrix 
 
0K       element stiffness matrix of an intact beam element 
 
cK       cracked element stiffness matrix 
ijS         total flexibility coefficients 
0
ijS         flexibility coefficients of an intact beam element 
c
ijS         flexibility coefficients of a beam having a crack 
S           total flexibility matrix 
0S
        flexibility matrix for the crack free element 
cS
        flexibility matrix for the crack element 
T          transformation matrix 
a           predicted crack depth 
1f          first frequency 
2f          second frequency 
1f          measured first frequency are perturbed 
2f          measured second frequency are perturbed 
ν           Poisson coefficient 
ρ            beam material density 
1ε           first noise measurement 
2ε           second noise measurement 
 
 
88   Sara Teidj et al. /  Procedia Technology  22 ( 2016 )  86 – 93 
Dimarogonas et al. [13] have derived the flexibility matrix for a cross-section containing a crack. This matrix has 
enabled to solve the coupled vibration problem of a beam suffering from the presence of a crack [14].   
Opening and closing of the crack occurs periodically during the deformation of the beam, the stiffness matrix and 
equation of motion for the cracked beam were adapted in this last work to account for this nonlinear behavior. 
Considering the first modal frequencies of the cracked beam, experimental evidence [15] has shown that the state of 
crack (open or closed) has not a significant effect on their values, yielding the possibility to calculate them by using 
a linear approximation and neglecting opening and closing of the crack. 
In this work a finite element based method is applied in order to derive the full beam crack coupled equations for 
the purpose of monitoring parametrically the modal changes resulting from the presence of a crack. Applying 
fracture mechanics to the beam with a single crack, the modified element stiffness is determined. This enables to 
state the forward problem which describes the variations of the first beam frequencies and modes shapes in terms of 
crack characteristics that include crack location and its actual depth. In the inverse problem attempt is made to use 
the measured first modal properties variations as compared to crack free reference state in order to retrieve the crack 
characteristics. Solution of this problem can be obtained by minimizing the residue error between the actual 
measured values of frequencies and their theoretical predictions as provided by the forward problem.  
As solution on an inverse problem is usually polluted by noise, the effect of noise is assessed in the following as 
function of its level when the two first frequencies are selected for the identification of crack depth. Variation of the 
error is expressed as function of measurement noise affecting these two frequencies.   
2. Analysis and modelling 
The presence of a crack in a beam affects the deformation of the region in the vicinity of the crack, while far from 
that location the strain field is nearly unaffected. Hence, the element stiffness matrix for an element situated enough 
far from the crack may be assumed to remain unchanged.  
It is usually assumed in the framework of finite element approximation that the crack does not modify the mass 
distribution. The crack modifies essentially the strain energy and contributes with additional fracture energy. 
Fracture mechanics enables to express the related flexibility coefficient by means of stress intensity factors.  
A homogeneous beam having a uniform rectangular cross section and undergoing only transverse displacement 
due to out-of-plane flexure, Figure 1,  has the following mass matrix: 
2 2
2 2
156 22 54 13
22 4 13 3
54 13 156 22420
13 3 22 4
bhM ρ
−ª º« »
−« »
= « »
−« »
− − −¬ ¼
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A A A AA
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   (1) 
  
 
Fig . 1. Geometry of the beam element and internal efforts at the extremities. 
Under the assumption that the beam element is anchored on its left extremity and subjected to a transverse force 
and a flexure moment on its right extremity, Figure 2, the strain energy of an intact beam element, if shear is 
neglected can be obtained as: 
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( )2 20 32W 3M 3MP PEbh= + +
A A A
  (2) 
The additional strain energy resulting from the presence of a crack of depth a  at a given section of the beam has 
the following form: 
a 2 2 2 2
c I II III0
bW (1 )(K K ) (1 )K da
E
ª º= − ν + + + ν¬ ¼³
   (3)   
        
Under the action of applied external loads  P  and  M  as is shown in Figure 2, one can see that the strain 
energy due to crack contribution takes the following for 
 
2
a 2 2
c IM IP IIP0
b(1 )W (K K ) K d
E
− ν ª º= + + ξ¬ ¼³
   (4) 
 with IM IP IIPK ,K ,K  given in [15]. 
 
 
                             
  
 
 
 
 
 
 
 
Fig . 2.  Geometry of the beam element and the applied external forces 
 
 The total flexibility coefficients are then obtained as the sum of these two contributions under the following form 
[15]  
0 c
ij ij ijS S S= + α   (5) 
with  0α =  for a crack free element and 1α =  for cracked element. 
The static equilibrium of an element of length A   having the nodes ( )i, i 1+ as shown in Figure 1 can be written 
under the following form  
 
i
i i 1 i 1
i 1 i 1 i 1
i 1
P 1 0
M P P1
T
P M M1 0
M 0 1
+ +
+ + +
+
−ª º ª º« » « »
− − ª º ª º« » « »
= =« » « »« » « » ¬ ¼ ¬ ¼« » « »¬ ¼¬ ¼
A
  (6) 
where [ ]ti iP M  is the vector of internal forces applied at node i  and [ ]ti 1 i 1P M+ +  is the internal forces associated 
to node i 1+ .  
Equations (5) and (6) enable to calculate the element stiffness matrix as 
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( ) 1t 1 t 0 cK T S T T S S T−−= = + α   (7) 
Using the strain energy given in equation (2), the flexibility matrix for the crack free element writes 
2
0
3
12 3 2S
Ebh
1
2
ª º« »« »= « »« »¬ ¼
A A
A
A   (8) 
Using the strain energy induced by a crack, as given in equation (4), the part of flexibility resulting from a crack 
can be calculated explicitly under the following form [16] 
2
c
I3
(1 )12S C 4Ebh 2
ª º+ γ« »
= « »« »¬ ¼
AA A
A
   (9) 
                                                                                                      
 
where IC  and γ  are given explicitly in [16].  
The total flexibility matrix is then  
11 12
3
12 22
S S12S
Ebh S S
ª º
= « »¬ ¼
A
  (10) 
where the terms ijS  are explicitly given in [16]. 
It was shown also in reference [16] that the stiffness matrix can be put under the following additive form 
0 cK K K= + α
   (11) 
3. Results and discussion 
Let us consider a beam anchored on both ends and having a uniform rectangular cross section with the following 
parameters:  
• E 67.4GPa=  
• 0.3ν =  
• 
32660 kg.m−ρ =  
• b 20mm=  
• h 40mm=  
• L 1m=  
Choosing a total number of 100 elements, so as the element length is 10mm=A , Figure 3 gives variations of the 
first two frequencies as function of the crack relative depth a / h . The crack was located in the beam section situated 
at the distance 0.7m  from the left beam side. In general these frequencies decrease when the crack depth is 
increased. This is connected to the fact that the modal beam rigidity for these first modes decreases as the crack 
extends. The variation is rapid if the crack size is small and is slow for high crack depths. For the first frequency, this 
variation represents 8.8% when the crack depth reaches 50% of the initial beam height. The variation is 22.6% for 
the second frequency in the same conditions.  
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In order to monitor crack identification by solution of an inverse problem, dependencies of the first two beam 
frequencies on the defect characteristics are stated by using the structural dynamics eigenvalue problem solution. 
The inverse problem to determine crack characteristics for some measured frequencies, as they are perturbed by the 
presence of a crack, can then be considered. This can be achieved by using least squares regression based on the 
inversion of the curves given in Fig. 3. 
The method of least squares is used in the following in order to solve this inverse problem. Least square means 
that the overall solution minimizes the sum of the squares of the errors made in the results of every single equation.  
 
Fig. 3. Variations of the first two frequencies as function of the relative crack depth when this last is placed at the beam section x 0.7m= . 
In practice the measured frequencies will be with some noise. Fixing the beam height h and taking only the first 
two frequencies, we assume that the measured frequencies are perturbed in the following way: 
1 1 1f (a) f (a)= +ε
  (12) 
2 2 2f (a) f (a)= +ε
   (13)  
with 1ε  and 2ε  are linked to noise measurement. 
The forward problem consists in giving a  and calculating 1f (a)  and 2f (a)  as solution of the eigenvalue problem 
associated to free-vibrations of the system defined by mass and rigidity matrices given respectively by equations (1) 
and (11). The inverse problem consists in searching the value of a  by using the measured frequencies 1f  and 2f  in 
noise free case or the perturbed frequencies 1f  and 2f  in the presence of noise. The formulation of the inverse 
problem by means of the least square method takes the form of an optimization problem and writes 
( )( ) ( )( ){ }2 21 11 1 2 2
x 0
a argmin x f f (x) x f f (x)− −
≥
= − + − 
  (14) 
Let us assume a case study for which the exact solution of the direct problem corresponding to crack data 
a 0.19 mm=
 is given by the following first two frequencies:  
1f 189.97 Hz=
 and  2f 428.03 Hz=    
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The error function as calculated from equation (14) gives, if the measurements are assumed to be perfect, the plot 
presented in Figure 4.  The error function is to be minimized and the obtained minimum determines the inverse 
problem solution.  
Figure 4 shows that the data of the forward problem a 0.19 mm=  is perfectly retrieved from the measured 
frequencies 1f  and 2f . 
 
Fig. 4. Variation of the error function as function of the possible crack length x for the case with perfect measurments. 
As in practice noise will affect the values of 1f  and 2f it is required to study the effect of this noise on the inverse 
problem solution: 1 2a( , )ε ε . This is performed parametrically in the following.  
For a fixed value of 2ε , Fig. 5 shows variations of the relative error exiting between the predicted crack depth a  
and its exact value  a : (a a) / a−  as function of noise level 1ε .  
One can see from Figure 5 that the error is largely dependent on the measurement noise. The error increases with 
noise level in terms of both 1ε  and 2ε . To get a precision of 5% one should limit noise level to 5x10
-3
. 
 
Fig. 5. Relative error of prediction as function of noise level as defined by 1ε  and 2ε  
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4. Conclusion 
Crack additional stiffness to beam elemental stiffens matrix was used in this work to derive a homogenous linear 
elastic beam finite element. Assembling the obtained total stiffness matrix enabled to analyze the effect of crack 
characteristics on the beam first resonance frequencies. Solution of an inverse problem has been performed by using 
this information and enabled to assess the effect of noise on the predicted crack depth. The proposed method can be 
used in order to design an intelligent system for crack detection in beams. The performance of this method is high 
for big values of crack depth ratio and low noise. 
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